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A Dirac fermion model associated with second order topological insulator
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(Dated: March 19, 2019)
We study topological aspects of a Dirac fermion coupled with a Higgs field associated with the
lattice model introduced by Benalcazar et al. which has the topological quadrupole phase. Using
the index theorem, we show that the index of the Hamiltonian is just given by the winding number
of the Higgs field, implying that a corner state of the lattice model belongs to the same class of
the Jackiw-Rossi states localized at a vortex. We also calculate the current density of the Dirac
fermion with a symmetry breaking term dependent on time, which is associated with the dipole
pump proposed by Benalcazar et al.. We argue that it is indeed a topological current, and the total
pumped charge is given by an integer related with the index.
I. INTRODUCTION
The bulk-edge correspondence is one of key properties
which characterizes topological phases of matter. While
it has been established for the quantum Hall system [1],
the discovery of the quantum spin Hall effect and more
generic topological insulators [2–6] has revealed that the
bulk-edge correspondence is valid for wider classes of
topological phases. Weyl semimetals also show unique
edge (surface) states called Fermi-arc [7–9], which reflect
the topological property of the bulk system such as sec-
tion Chern numbers.
Recently, further development has been achieved by
Benalcazar, et al. [10, 11]. They have proposed higher
order topological insulators which are characterized by
d−D dimensional edge (surface) states for d dimensional
bulk systems. Conventional topological insulators corre-
spond to D = 1, but nontrivial systems with D > 1
have been successively found and studied extensively [12–
25]. In particular, Khalaf [21] has pointed out that the
corner can be regarded as a topological defect and has
given the classification table of the higher-order topolog-
ical insulators and superconductors protected by inver-
sion symmemtry, and Trifunovic and Brouwer [24] have
extended the table considering generic order-two crys-
talline (anti-)symmetries. The corner states in d = D = 2
dimensional system have indeed observed experimentally
in metamaterial circuit systems [20].
In this paper, we study a Dirac fermion model associ-
ated with the lattice Benalcazar-Bernevig-Hughes (BBH)
model [10, 11]. As the two-dimensional BBH model
shows zero-dimensional corner states, it is a second order
topological insulator with D = 2. Although the lattice
BBH model includes four Dirac fermions, we pick up one
of them and examine the topological properties of the
single Dirac fermion.
In the next section, we will take the continuum limit
of the BBH model. Regarding the BBH model as a gen-
eralized Wilson-Dirac model [26], we point out that we
need not only the Dirac fermion at k = (0, 0), but also
its doublers at k = (π, 0), (0, π), (π, π). These fermion
models have the same structure: a Dirac fermion model
coupled with an O(2) Higgs field, belonging to the sym-
metry class BDI [27, 28], so we examine the topological
property of such a single Dirac fermion. We show that
this model indeed needs corner-like boundaries to have
zero energy states. In Sec. III, we discuss the topolog-
ical property of such corner states using the index the-
orem. To this end, we introduce smooth boundaries as
a smoothly-varying Higgs field as a function of the co-
ordinates. It then turns out that since a corner can be
regarded as a point defect, a corner state belongs to the
same class of the Jackiw-Rossi states localized at a vor-
tex [29]. Therefore, the present model belongs to class
BDI with a point defect in the classification table given
by Teo and Kane [30]. In Sec. IV, introducing a sym-
metry breaking term dependent on time, we consider a
pump of the present Dirac model which corresponds to
the dipole pump proposed by BBH [10, 11]. We calcu-
late the current density for a model with a single defect
(a smooth corner as in Sec. III). It is shown that the cur-
rent is indeed topological, and the total pumped charge
is given by an integer associated with the index derived
in Sec. III. When we argue the topological phases of the
lattice model, we need to take all Dirac fermions includ-
ing doublers into account. We will discuss the problem
in Sec. V. In Appendix A, we will give a similar formula-
tion for the one-dimensional Su-Schrieffer-Heeger (SSH)
model [31], which may be helpful in understanding the
relationship between the continuum Dirac fermions and
the phase of the BBH (or SSH) lattice model.
II. DIRAC FERMION MODEL
In this section, we first introduce the BBH lattice
model, and next, take the continuum limit. The Dirac
fermion model thus obtained belongs to class BDI [27,
28], and boundary zero energy states can be easily ob-
tained.
The BBH model introduced in [10, 11] is a two-
dimensional version of the SSH model [31]. The BBH
Hamiltonian is defined explicitly by
H(k) = Γjgj(k), (1)
2where gj(k) is given by
g1 = λx sin kx
g2 = λy sin ky
g3 = γx + λx cos kx
g4 = γy + λy cos ky. (2)
Here, γj is the hopping within a unit cell, whereas λj
is the hopping between the unit cells in the j = x, y
direction. Benalcazar et al. have chosen the Γ-matrices
such that Γ1 = −σ3 ⊗ σ2, Γ2 = −σ1 ⊗ σ2, Γ3 = 1 ⊗ σ1,
and Γ4 = −σ2 ⊗ σ2 as well as Γ5 = −1 ⊗ σ3, but any
other definitions may be possible if they obey {Γj,Γl} =
2δjl (j, l = 1, · · · , 4) and Γ5 = (−i)2Γ1Γ2Γ3Γ4, so that
tr Γ5Γ
1Γ2Γ3Γ4 = (2i)2.
A. Continuum limit of the BBH model
The lattice model (2) includes four Dirac fermions at
kj = 0, π.
H(0,0) = +Γ
1λxk1 + Γ
2λyk2 + Γ
3(γx + λx) + Γ
4(γy + λy),
H(pi,0) = −Γ1λxk1 + Γ2λyk2 + Γ3(γx − λx) + Γ4(γy + λy),
H(0,pi) = +Γ
1λxk1 − Γ2λyk2 + Γ3(γx + λx) + Γ4(γy − λy),
H(pi,pi) = −Γ1λxk1 − Γ2λyk2 + Γ3(γx − λx) + Γ4(γy − λy).
(3)
As we will argue in Sec. V, we need to consider all the
contributions from these Dirac fermions to clarify the
topological property of the lattice BBH model. However,
for the time being, we consider a single Dirac fermion of
the form,
H(k) = Γjkj + Γ
a+2φa, (4)
where j = 1, 2 (x1 = x, x2 = y), a = 1, 2. This is a
model of the two-dimensional Dirac fermion coupled with
a O(2) Higgs field φ = (φ1, φ2), belonging to class BDI
with time-reversal, particle-hole, and chiral symmetries
denoted, respectively, by
TH(k)T−1 = H(−k),
CH(k)C−1 = −H(−k),
Γ5H(k)Γ
−1
5 = −H(k), (5)
where T = K (taking complex conjugate) and C = Γ5K.
In addition to these, this Hamiltonian has reflection sym-
metries.
MxH(kx, ky)M
−1
x = H(−kx, ky),
MyH(kx, ky)M
−1
y = H(kx,−ky), (6)
where Mx = iΓ
1Γ5 and My = iΓ
2Γ5.
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FIG. 1: Four types of corners.
B. Boundary zero energy states
The energy eigenvalues of the Hamiltonian (4) are
gapped at the zero energy, given by E = ±
√
sin2 kj + φ2j .
However, if the system has boundaries, the model allows
zero energy states, Hψ = 0. The Hamiltonian in the
coordinate representation is given by
H =
(
D†
D
)
,
D = −σ3∂x − σ1∂y − iσ2φy + φx
=
( −∂x + φx −∂y − φy
−∂y + φy ∂x + φx
)
. (7)
For simplicity, we here assume φx and φy are positive
constants, φx, φy > 0. Let us set ψ = (ξ, η)
T , where ξ
and η is the wave function with chirality Γ5 = −1 and 1,
respectively. Then, the zero energy equation reads
Dξ = 0, D†η = 0, (8)
We readily obtain the following normalizable solution de-
pending on the boundaries:
ξI = N
(
0
e−φxx−φyy
)
, ηI = 0, (x > 0, y > 0) (9)
ξIII = N
(
eφxx+φyy
0
)
, ηIII = 0, (x < 0, y < 0) (10)
ξII = 0, ηII = N
(
eφxx−φyy
0
)
, (x < 0, y > 0) (11)
ξIV = 0, ηIV = N
(
0
e−φxx+φyy
)
, (x > 0, y < 0) (12)
where the normalization constant N = 2√φxφy. In the
limit φx, φy → +∞, the above wave functions become ξ2
or η2 → δ(x)δ(y), localized at the origin. Thus, it turns
out that the present model allows corner states rather
than conventional edge states. See Appendix J in [11].
3C. Symmetry-breaking perturbations
So far we have derived the Dirac Hamiltonians of the
type (4) and its corner states Eqs. (9)-(12). It turns out
that the two independent mass terms protected by re-
flection symmetries are responsible for the corner states.
However, reflection symmetries allow another mass term
given by
Hsb = iΓ
3Γ4φ12, (13)
which has broken chiral and time reversal symmetries
(but unbroken particle-hole symmetry). Therefore, if we
require auxiliary time reversal symmetry in Eq. (5) as
well as reflection symmetries Eq. (6), the Dirac Hamilto-
nian (4) has inevitably chiral symmetry. This is similar
to the SSH Dirac model (A23), in which one of symme-
tries, e.g., inversion symmetry results in time reversal,
chiral symmetries, etc. Such symmetry properties may
be due to the fact that the Dirac models (4) and (A23)
are minimal models with a corner state and an edge state,
respectively.
In the next section, we will investigate the topological
properties of the edge states without the mass term (13).
It will also turn out that even with Eq. (13), the corner
state is still protected by particle-hole symmetry, as will
be presented in Sec. V.
Another simple way to break chiral symmetry (as well
as particle-hole symmetry) is to extend the model to the
layer systems. In Appendix A3, we will demonstrate a
similar extension of the SSH model to ladder models. We
will show that although the lattice model does not have
chiral symmetry, the Dirac fermions with chiral symme-
try are responsible for the existence of the edge states
and hence the index theorem is a useful tool to investi-
gate them. Even for the present BBH model, such an
argument can also be applied, since the Hamiltonian of
a layered BBH model is obtained by replacing HSSH and
H ′SSH with HBBH and H
′
BBH in Eq. (A21) . This implies
that the Dirac fermion (4) is the basic effective model de-
scribing the corner states. In particular, the corner states
of the trilayer system, which has broken chiral symme-
try, can be described by the Dirac fermion (4) near half-
filling.
III. INDEX THEOREM
The corner states has a topological origin which is the
same as the Jackiw-Rossi states localized at a point de-
fect (vortex) given by φ = ∆(r)(cos θ, sin θ) [29]. To see
this, we will consider smooth boundaries introduced by
a coordinate-dependent Higgs field such that
φ1 = φx(x), φ2 = φy(y), (14)
where φx and φy depends generically on x with the
asymptotic form φx(x → ±∞, y) → const. and
φy(x, y → ±∞)→ const, respectively. For such a model,
we will apply the index theorem on open spaces [32–36].
We assume that the dependence of φj on x
j is so smooth
that |∂jφj | ≪ |φj | is valid, implying that we can make use
of the derivative expansion in the following calculations.
Since the model has chiral symmetry, the zero energy
states can be labeled by the chirality. Therefore, let us
define the index of H such that
ind H = n+ − n−
= lim
m→0
Tr Γ5
m2
H2 +m2
, (15)
where n± stands for the number of zero energy states
with chirality ±1. As we will show below, the rhs of the
above index can be expressed by the axial vector current
〈jj5(x)〉 = lim
y→x
tr Γ5Γ
j
( 1
iH +m
− 1
iH +M
)
δ(x− y),
(16)
where the second term with M is a Pauli-Villars regu-
lator. In the following calculation, the regulator will be
suppressed. The divergence of the current yields
∂j〈jj5〉 = ∂xj lim
y→x
tr Γ5Γ
j 1
iH +m
δ(x− y)
= lim
y→x
tr Γ5Γ
j(∂xj + ∂
y
j )
1
iH +m
δ(x− y)
= lim
y→x
tr Γ5
(
Γj∂xj
1
iH +m
+
1
iH +m
Γj∂xj
)
δ(x− y).
(17)
Here, note that iH = Γj∂j+iΓ
a+2φa, and the Higgs term
anti-commutes with Γ5. Then, we have
∂j〈jj5〉 = lim
y→x
tr Γ5(2iH)
1
iH +m
δ(x− y)
= 2 lim
y→x
tr Γ5
(
1− m
iH +m
)
δ(x− y) (18)
The term 1 in the parentheses cancels the same one in
the regulator. Thus, we have
∂j〈jj5〉 = −2 lim
y→x
tr Γ5
m(−iH +m)
H2 +m2
δ(x− y). (19)
Since H anti-commutes with Γ5, we reach
∂j〈jj5〉 =− 2 lim
y→x
tr Γ5
m2
H2 +m2
δ(x− y)
+ 2 lim
y→x
tr Γ5
M2
H2 +M2
δ(x− y), (20)
where we have explicitly denoted the contribution from
the regulator. Thus, integrating over the space and tak-
ing the limit m→ 0 and M →∞ yields
ind H = −1
2
∫
∂j〈jj5〉d2x+ c1
= −1
2
∮
C
ǫjl〈jj5〉dxl + c1, (21)
4where C is the contour denoted in Fig. 2, and
c1 = lim
M→∞
TrΓ5
M2
H2 +M2
, (22)
is associated with the chiral anomaly. Although this van-
ishes trivially in the present case with no gauge poten-
tials, it plays an important role in the reproduction of the
correct index for the Jackiw-Rossi model in a magnetic
field [33, 37].
Let us now compute the current in the derivative ex-
pansion:
〈jj5(x)〉 = lim
y→x
tr Γ5Γ
j 1
iH +m
δ(x− y)
= lim
y→x
∫
d2k
(2π)2
tr Γ5Γ
j 1
iH +m
eik·(x−y)
=
∫
d2k
(2π)2
tr Γ5Γ
je−ik·x
−iH +m
H2 +m2
eik·x, (23)
where the Pauli-Villars regulator has been suppressed.
Note here that
e−ik·xHeik·x = Γjkj + Γ
a+2φa +O1,
e−ik·xH2eik·x = k2 + φ2 − iΓjΓa+2∂jφa +O2, (24)
where φ2 = φ2a, O1 = −iΓµ∂µ, and O2 = −2ikµ∂µ − ∂2µ.
C1
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FIG. 2: The integration contour C of 〈jj
5
(x)〉 in Eq. (21).
The closed path C is divided into four lines denoted by Cj
(j = 1, · · · , 4).
The contour integration in Eq. (21) can be carried out
by dividing the path C into four lines Cj . To compute
the integration on the line C1, let us consider the limit
x → ∞ and regard φx = φx(+∞) as a constant. Then,
〈j15(x)〉 at x1 → +∞ can be calculated as follows:
〈j15(x1 → +∞)〉 =
∫
d2k
(2π)2
tr Γ5Γ
1
× −Γ
j(∂j + ikj)− iΓ3φx(∞)− iΓ4φ2 +O1
k2 + φ2 − iΓ2Γ4∂2φ2 +O2 , (25)
where we have safely taken the limit m → 0, while the
regulator has vanished in the limitM →∞. Note that in
the denominator above we assume |∂2φ2| ≪ φ2. There-
fore, as the leading contribution, we have
〈j15 〉 =
∫
d2k
(2π)2
tr Γ5Γ
1
(− iΓ3φx(∞)) iΓ2Γ4∂2φ2
(k2 + φ2)2
=
1
π
φx(∞)∂2φ2
φx(∞)2 + φ22
. (26)
Thus, the integration on C1 yields
∫
C1
〈j15 (x)〉dy =
∫ ∞
−∞
〈j15 (x1 =∞)〉dy
=
1
π
[
arctan
φy(∞)
φx(∞) − arctan
φy(−∞)
φx(∞)
]
.
(27)
Integration on the other lines Cj can be computed like-
wise, and we finally reach
5∫
C
ǫjl〈jj5〉dxl =
1
π
[
arctan
φy(∞)
φx(∞) − arctan
φy(−∞)
φx(∞) + arctan
φx(∞)
φy(∞) − arctan
φx(−∞)
φy(∞)
− arctan φy(∞)
φx(−∞) + arctan
φy(−∞)
φx(−∞) − arctan
φx(∞)
φy(−∞) + arctan
φx(−∞)
φy(−∞)
]
=
1
2
[
sgn
φy(∞)
φx(∞) + sgn
φy(−∞)
φx(−∞) − sgn
φy(−∞)
φx(∞) − sgn
φy(∞)
φx(−∞)
]
, (28)
where we have used the identity arctanx+ arctanx−1 = pi2 sgnx. It thus turns out that the index is given by
ind H = −1
4
[
sgn
φy(∞)
φx(∞) + sgn
φy(−∞)
φx(−∞) − sgn
φy(−∞)
φx(∞) − sgn
φy(∞)
φx(−∞)
]
. (29)
This is one of the main results in the present paper. The
rhs of the above equation is minus the winding num-
ber of φ(x) = (φx(x), φy(y)) around C: If φx(−∞) <
0 < φx(+∞), and φy(−∞) < 0 < φy(+∞), the wind-
ing number equals 1, and the index of H is given by −1.
This configuration of φ corresponds to Eq. (9) which
has chirality −1. Other cases in Eqs.(10)-(12) match the
index given in Eq. (29). For example, the corner state
(11) can be realized by φx(+∞) < 0 < φx(−∞) and
φy(−∞) < 0 < φy(+∞), which has winding number −1,
and hence ind H=1. Therefore, it turns out that a single
corner can be regarded as a point defect, and the zero
energy state of the BBH Dirac fermion is the same class
as the Jackiw-Rossi states localized in a vortex.
In passing, we mention that if the Hamiltonian in-
cludes vector and/or axial vector gauge potentials, the
boundary integration in Eq. (21) needs careful calcu-
lations, constructing the boundary operators and com-
puting their spectral flow [35, 38]. In the present case,
however, the model is simple enough to reproduce the
index by the simple derivative expansion.
IV. DIPOLE PUMP
Benalcazar et al. have proposed a dipole pump and
demonstrated it for the BBH model [11]. The contin-
uum Dirac model presented in this paper corresponds
to the case with a single corner, which can be realized
by a coordinate-dependent Higgs field introduced in the
previous section. In this section, we further introduce
a symmetry-breaking term dependent on time and cal-
culate the vector current density to investigate a charge
pump associated with a corner. Calculations of this sec-
tion is parallel to those in Ref. [39].
As discussed by BBH, we consider the model which in-
cludes symmetry breaking (reflection symmetries, in par-
ticular) term
H = −iΓj∂j +
∑
a=1,2
Γa+2φa + Γ5φ3, (30)
where we assume that φa (a = 1, 2, 3) depends not only
x but also t, φa = φa(t,x). For the time being, we only
assume that |∂µφa| ≪ |φ|, which allows the derivative
expansion. The Lagrangian corresponding to the Hamil-
tonian (30) is
L = ψ¯(iγµ∂µ − γ3φ1 − φ2 − iγ5φ3)ψ
≡ ψ¯(i/∂ − Φ− φ2)ψ, (31)
where µ = 0, 1, 2 (x0 = t), and γ-matrices obeying
{γµ, γν} = 2gµν with gµν = diag(1,−1,−1,−1) is de-
fined by γ0 = Γ4, γj = γ0Γj (j = 1, 2), γ3 = γ0Γ3, and
γ5 = iγ
0γ1γ2γ3. The U(1) vector current is defined by
〈jµ(x)〉 = 〈0|ψ¯(x)γµψ(x)|0〉
= − lim
y→x
〈0|Tγµψ(x)ψ¯(y)|0〉, (32)
where x = (t,x) and the propagator is given by
〈0|Tψ(x)ψ¯(y)|0〉 = i
i/∂ − Φ− φ2 + iǫ
δ(x− y) (33)
In the plane wave representation of the delta function
similar to Eq. (23), we have
〈jµ(x)〉 =
∫
d3k
i(2π)3
e−ikxtr γµ
1
i/∂ − Φ− φ2 + iǫ
eikx,
(34)
where kx = ωt− k · x. Using(
(i/∂ − Φ)− φ2
)(− (i/∂ − Φ)− φ2)
= ∂2 + φ2 + i(/∂Φ)− i(/∂φ2), (35)
6we reach
〈jµ(x)〉 =
∫
d3k
i(2π)3
tr γµ(−i/∂ + /k +Φ− φ2)
× 1
(∂ + ik)2 + φ2 + i(/∂Φ)− i(/∂φ2)− iǫ
, (36)
where φ2 =
∑3
a=1 φ
2
a. Since we assume that the x depen-
dence of φj(x) is so smooth that the derivative expansion
is a good approximation, as has done in Sec. III, the lead-
ing contribution is
〈jµ(x)〉 =
∫
d3k
i(2π)3
tr γµ
(Φ− φ2)
[
i(/∂Φ)− i(/∂φ2)
]2
(φ2 − k2 − iǫ)3
+O
(
(∂φ)−3
)
, (37)
where k2 = ω2 − k2 and φ2 =∑3a=1 φ2a. Note that
tr γµ(Φ− φ2)
[
i(/∂Φ)− i(/∂φ2)
]2
=tr γµ(γ3φ1 + iγ5φ3 − φ2)
× [iγνγ3∂νφ1 − γνγ5∂νφ3 − iγν∂νφ2)]2
=4ǫµνρǫabcφa∂νφb∂ρφc, (38)
where we have used tr γ5γ
µγνγργσ = −4iǫµνρσ. Thus,
we reach
〈jµ(x)〉 = 4ǫµνρǫabcφa∂νφb∂ρφc
∫
d3k
i(2π)3
1
(φ2 − k2 − iǫ)3
=
1
8πφ3
ǫµνρǫabcφa∂νφb∂ρφc
=
1
8π
ǫµνρǫabcφˆa∂ν φˆb∂ρφˆc, (39)
where φˆa ≡ φa/φ. This is another main result in this
paper. The above current density is indeed topological:
The total pumped charge is given by the integration of
the current density over S2 embedded in 2+1 dimensions,
which is given by the winding number of the Higgs field
on S2.
To be more specific, let us compute the total current
by integrating over −∞ < x0(= t) < ∞ as well as over
C in Fig. 2. To this end, we specify φa such that
φ1(x) = φx(x
1) sin θ(x0),
φ2(x) = φy(x
2) sin θ(x0),
φ3(x) = φ0 cos θ(x
0), (40)
where φx,y is basically the same as Eq. (14), and φ0 is
a constant. We further assume the asymptotic behav-
ior of the Higgs field as |φx(x1 → ±∞)| → |φ0| and
|φy(x2 → ±∞)| → |φ0| for the spatial part, whereas
θ(x0 → −∞) = 0 and θ(x0 → +∞) = π for the tempo-
ral part. This implies that a trivial system at t = −∞
becomes another trivial system at t = +∞ via the topo-
logical state studied in Sec. III.
We compute j1(x) on C1. At x
1 → +∞, we have
φ2 = φ20 + φ
2
y(x
2) sin2 θ(x0). Therefore,
〈j1(x1 →∞)〉 = 2ǫ
120ǫabcφa∂2φb∂0φc
8π(φ20 + φ
2
y sin
2 θ)
3
2
= −φx(∞)∂2φy sin θ∂0θ
4π(φ20 + φ
2
y sin
2 θ)
3
2
. (41)
Thus, integration over x0(= t) gives∫ ∞
−∞
〈j1(x1 =∞)〉dx0 =
∫ pi
0
〈j1(x1 =∞)〉dθ
=
−φx(∞)
2πφ0
∂yφy(y)
φ2y(y) + φ
2
0
. (42)
Furthermore, the integration of the above on C1 gives∫
C1
dx2
∫ ∞
−∞
dx0〈j1(x)〉
=
−1
2π
[
arctan
φy(∞)
φx(∞) − arctan
φy(−∞)
φx(∞)
]
. (43)
Together with the contributions on the other lines Cj , the
total pumped charge Q is just the index ofH in Eq. (29),
|Q| = |indH |, where the sign is generically dependent on
the process of the pump. This implies that during the
adiabatic change of the ground state between the two
trivial ground states with φ = (0, 0,±φ0) via topological
one with φ = (φx, φy, 0), the integral charge, just cor-
responding to the index (or roughly speaking, the num-
ber of the zero energy states) of the Hamiltonian with
φ = (φx, φy, 0), flows, which is expected in the topologi-
cal pump.
V. SUMMARY AND DISCUSSION
In summary, we studied the topological aspects of the
Dirac fermion coupled with a two-component Higgs field,
which is a naive continuum limit of the BBH lattice
model. Since this model has chiral symmetry, we first
investigated the zero energy corner states using the in-
dex theorem in Sec. III. We argued that a corner can be
regarded as a point defect, and hence, the corner states
are in the same class of the Jackiw-Rossi states localized
at a vortex.
Generically, the Dirac fermion H = −iσj∂j + σd+1φ
in d = 1, 2 dimensions is topological [29, 40, 41] in the
sense that it has Berry phase ±π/2 in d = 1 (See Sec.
A 4) and Chern number ±1/2 in d = 2. This is why the
zero energy state appears in these Dirac fermions. In a
similar reason, we can tell that the present Dirac fermion
has a corner state because the Higgs field φ has nontrivial
winding number, as we have shown in this paper.
On the other hand, when we argue the quadrupole
phase of the lattice BBH model in terms of the Dirac
fermions, we need to take account of the four Dirac
7α (0, 0) (pi, 0) (0, pi) (pi, pi)
φx 1 + γx 1− γx 1 + γx 1− γx
φy 1 + γy 1 + γy 1− γy 1− γy
TABLE I: Higgs parameters φα at four points α. We have
set λx = λy = 1.
fermions derived in Eq. (3). See also Appendix A, where
we discuss the same problem for the SSH model. After
changing the sign of the two or four Γ matrices associated
with kj = π as demonstrated in Eq. (A23), we have
Hα = Γ
jkj + Γ
a+2φα,a, (44)
where α = (0, 0), (π, 0), (0, π), (π, π), and φα is summa-
rized in Table I, where we have set λx = λy = 1. From
Eq. (29), the topological invariant to characterize each
Dirac fermion may be assigned in a similar way demon-
strated in Appendix A 4 such that
Qα =
1
4
sgn
φα,y
φα,x
=
1
4
(sgnφα,x)(sgnφα,y)
=
qα,x
π
qα,y
π
, (45)
where q is the Berry phase (with a specific gauge) for
one-dimensional Dirac fermion defined in Eq. (A29). Ac-
cording to the same discussion in Eqs. (A3) and (A4),
the total topological invariant for the lattice BBH model
is the sum of all Qα,
QBBH =
∑
α
Qα. (46)
Form Table I we arrive at QBBH = 1 only when |γx| <
1(= λx) and |γy| < 1(= λy).
It should be noted that the Dirac fermion (44) can be
characterized by (45) which is given by the Berry phases
for x and y directions. Indeed, the lattice BBH model
has been characterized by the Wannier-sector polariza-
tion [11] or entanglement polarization [25], which are
basically Berry phases of the projected one-dimensional
model.
As already mentioned, reflection symmetries as well as
time reversal symmetry for two-dimensional Dirac model
allow just two mass terms, which causes chiral symmetry
of the Hamiltonian (4). This enables us to apply the in-
dex theorem to the present model, as carried out in Sec.
III. Although this is the most general Hamiltonian with
reflection symmetries as well as time reversal symmetry,
the model can include the chiral symmetry-breaking mass
term Hsb (13), if time reversal symmetry is relaxed, as
discussed in Sec. II C. In what follows, we will mention its
effect to the corner states. For the time being, let us con-
sider the case with one corner. With chiral symmetry, the
index theorem tells that the Hamiltonian shows at least
q zero energy states, when the Higgs field has winding
number q. If chiral symmetry is broken but particle-hole
symmetry is unbroken by Hsb, the model shows q mod
2 zero energy states, since the zero energy states pro-
tected by chiral symmetry are lifted pairwise to positive
and negative energies. Therefore, if q is odd, only one
zero energy state is generically protected by particle-hole
symmetry for a system with one corner. Thus, we con-
clude that the zero energy corner states are protected by
reflection symmetries.
More generic multi-band systems such as a layered
BBH model, reflection symmetries allow various mass
terms with broken chiral and particle-hole symmetries
with keeping time reversal symmetry. Even in such a
case, effective Dirac fermion (4) should appear not neces-
sarily at zero energy, as demonstrated in Appendix A for
the SSH model. In a two-leg ladder system introduced in
A3, the edge states appear at nonzero energies as in Eq.
(A22). Nevertheless, it is obvious that the edge states
can be described by the continuum Dirac fermions (A2).
In a three-leg ladder system, the band center is indeed
the original SSH model, although the whole system has
broken chiral symmetry. Therefore, it is manifest that
the edge states in this case are effectively due to the con-
tinuum Dirac fermion with chiral symmetry. This feature
is also true for the BBH model. Therefore, if we tune the
Fermi energy, we see that the corner states, if they exist,
are due to those of the Dirac fermion (4), which belongs
to the same class of Jackiw-Rossi vortex states.
So far we have discussed the case with only one corner.
Let us now consider the system with full open boundary
conditions having four corners. In this case, there can ap-
pear four corner states. Then, reflection symmetries Eq.
(6) ensure that such four corner states are fourfold de-
generate. Thus, these states yield the quadrupole charge
configuration with an infinitesimal small staggered po-
tential.
This is one of interpretations of the quadrupole phase
from the point of view of the continuum Dirac fermion
model. In conclusion, the topological origin of the corner
states is attributed to the Jackiw-Rossi states of a Dirac
fermion in the continuum limit, and their fourfold de-
generacy and resultant quadrupole charge configuration
in the lattice BBH model are guaranteed by the reflection
symmetries.
In Sec. IV, we next introduced a symmetry break-
ing term and examined the pump, which corresponds to
the dipole pump proposed by BBH. We argued that this
pump is also topological and the total pumped charge
is the same as the index of the Dirac fermion studied in
Sec. III.
The dipole pump is realized only if the system has
four corners and take the quadrupole charge configu-
ration during the adiabatic pumping process. We just
showed that a single Dirac fermion with a point defect (a
smooth corner) can yield a topological current. It may
be interesting to examine the quadrupole state and the
dipole pump in terms of four Dirac fermions mentioned
above, preferably taking into account generic BDI sym-
metry breaking terms.
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Appendix A: A Dirac fermion description of the
SSH model
We present in Appendix A a simple Dirac fermion de-
scription of the one-dimensional SSH model, which is
helpful in understanding the relationship between the
continuum Dirac fermions and the lattice model.
j0 1-1
γ λ +
FIG. 3: The SSH model on a one-dimensional lattice. An
oval including two sites assigned the chirality ±(= −σ3)
stands for the unit cell. The dotted line stands for the bound-
ary discussed in Sec. A 2.
On a one-dimensional lattice in Fig. 3, the SSH model
in the momentum representation is defined by
HSSH(k) = σ
2λ sin k + σ1(γ + λ cos k), (A1)
where λ and γ are hopping parameters similar to γx and
λx in Eq. (2), respectively. The crucial symmetry of
the model is reflection (inversion) symmetry Eq. (6) im-
plemented by Mx = σ
1. Since the reflection symmetry
prohibits a constant term proportional to σ3, the model
inevitably has chiral symmetry.
The above Hamiltonian (A1) can be regarded as the
Wilson-Dirac Hamiltonian in one dimension, where the
first term is the kinetic term and the second term is the
mass term with the Wilson term (σ1λ cos k). Therefore,
in the continuum limit, we have two fermions near k = 0
and k = π:
Hα(k) = ±σ2k + σ1(γ ± 1), α = 0, π, (A2)
where we have set λ = 1 for simplicity. This is due to the
doubling mechanics [42, 43]. The continuum Hamiltonian
also has reflection symmetry as well as chiral symmetry.
The wave function of the ground state is also expanded
around k ∼ 0, π as
ψj =
∫ pi
−pi
ψ(k)eikj
dk
2π
∼
∫ Λ
−Λ
aψ(k)eikx
dk
2π
+
∫ Λ
−Λ
aψ(k +
π
a
)ei(k+
pi
a
)x dk
2π
→
∫ ∞
−∞
[
ψ0(k) + e
ipi
a
xψpi(k)
]
eikx
dk
2π
≡ ψ0(x) + (−1)ipia xψpi(x) ≡ ψ(x), (A3)
where x ∼ aj with the lattice constant a, Λ ∼ π/a is a
cutoff parameter and set Λ → ∞ (a → 0) in the third
line after the linearization of the dispersion, so the ψ0(x)
and ψpi(x) are slowly varying components.
1. Berry phase
As we have mentioned, the SSH model includes two
fermions described by the Hamiltonian in Eq. (A2). The
wave function of the lattice model can also be approxi-
mated by Eq. (A3) including the contribution from two
fermions, so the Berry connection reads
ψ†∂kψ ∼ ψ†0∂kψ0 + ψ†pi∂kψpi + (osc. terms)
≡ A0(k) +Api(k), (A4)
where the last term is the rapidly oscillating part of
the Berry connection including (−)i pia x which can be ne-
glected. Thus, for the lattice model, the Berry phase
could be given by the sum of those of the two Dirac
fermions,
qSSH = q0 + qpi. (A5)
where
qα =
1
i
∫ ∞
−∞
Aα(k)dk. (A6)
In what follows, we compute the Berry phases in Eq.
(A6). The reflection symmetry of the Hamiltonian (A2)
MxHα(k)M
−1
x = Hα(−k) (A7)
allows us to relate the wave functions at −k and k such
that
ψα(−k) = Mxψα(k)eiθα(k). (A8)
This leads to Aα(−k) = −Aα(k) − i∂kθα(k). It follows
that the Berry phase is given by
qα = θα(0)− θα(∞). (A9)
The phase θα(k) has a constraint at the reflection invari-
ant momentum k = 0:
pαe
iθα(0) = 1, (A10)
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Y
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γ
k=k=
- 8k=+ 8k=
Hpi
HSSH
H0
FIG. 4: The integration path for the Berry phase of the
SSH model Eq. (A1) (circle) as we as of its continuum limit
Eq. (A2) (straight lines). Here, the Hamiltonians Eq. (A1)
and Eq. (A2) are parametrized by H(k) = X(k)σ1+Y (k)σ2.
The Berry phase is just the winding number of (X,Y ) around
X = Y = 0. The two straight lines can be regarded as a
deformation of the circle.
where pα = ±1 stands for the parity of the ground state
wave function Mxψα(0) = pαψα(0), i.e., pα = −sgn(γ ±
1) for the Hamiltonian Eq. (A2). Thus, we have
θα(0) = ±1 + sgn(γ ± 1)
2
π, (A11)
where the prefactor ± in the right-hand side has been in-
troduced for later convenience. It is possible because of
θα(0) = 0,±π mod 2π. On the other hand, the momen-
tum space for the continuum Dirac model (A2) is open
at k = ±∞, there is no constraint on θα(∞). Thus, the
Berry phase (A9) has ambiguity due to θα(∞).
However, it is noted that from Eq. (A2), H0(±∞) =
Hpi(∓∞) holds. See also Fig. 4. It is thus natural to
regard the two straight lines are on single points at k =
±∞, and hence, to choose the wave functions ψ0(±∞) =
ψpi(∓∞). Then, the phase θ0(∞) + θpi(∞) = 0 mod 2π,
and we reach
qSSH = θ0(0) + θpi(0)
=
π
2
[
sgn(γ + 1)− sgn(γ − 1)]
=
{
π (|γ| < 1)
0 (|γ| > 1) mod 2π. (A12)
Therefore, the lattice model has the Berry phase qSSH =
π only when |γ| < 1(= |λ|) [44].
2. Edge states
Next, let us discuss the edge states of the model with
boundaries described by the Hamiltonian corresponding
to Eq. (A2)
Hα(x) = ∓iσ2∂x + σ1(γ ± 1), α = 0, π. (A13)
As normalizable edge states at x = 0, we have the fol-
lowing candidates
ψα,−(x) ∝
(
e∓(γ±1)x
0
)
, ψα,+(x) ∝
(
0
e±(γ±1)x
)
.
(A14)
The reflection symmetry
MxHα(x)M
−1
x = Hα(−x), (A15)
ensures
Mxψα,∓(x) = ψα,±(−x). (A16)
When qSSH = π, the model should show the edge state
located at the boundary. Let us examine the edge state
form the point of view of the Dirac fermion and its dou-
bler described by H0 and Hpi. To this end, let us cut the
one-dimensional chain at the dashed-line in Fig. 3. This
is equivalent to imposing the conditions on the wave func-
tion of the lattice model, ψj=1,− = ψj=0,+ = 0. Accord-
ing to Eq. (A3), this boundary condition is translated
into ψ0,−(0)− ψpi,−(0) = 0 and ψ0,+(0) + ψpi,+(0) = 0 in
the continuum limit.
Let us first consider the case |γ| < 1. Both H0 and
Hpi allows the zero energy edge states on the x > 0 semi-
infinite line, so we have
ψL(x) ∼ α
(
e−(γ+1)x
0
)
+ ei
pi
a
xβ
(
e(γ−1)x
0
)
, (A17)
where L means that the state is localized at the left edge
x = 0 of x > 0. Although this state has two independent
parameters α and β, the above boundary conditions give
one constraint α − β = 0, and one remaining parameter
is determined by the normalization. Thus, only one edge
state is allowed. This state has indeed definite chirality.
On the other hand, when 1 < γ, we have the general
solution on x > 0,
ψL(x) ∼ α
(
e−(γ+1)x
0
)
+ ei
pi
a
xβ
(
0
e−(γ−1)x
)
. (A18)
This also includes two parameters, but the boundary con-
ditions give α = β = 0. The case γ < −1 is likewise.
Therefore, it turns out that no edge states are allowed
for |γ| > 1. We here conclude that the edge states of the
lattice model are actually determined by the combination
of those of a Dirac fermion and its doubler (A14).
It should also be noted that in the case |γ| < 1 the
edge state on the other semi-infinite line x < 0 is given
by
ψR(x) ∼ α
(
0
e(γ+1)x
)
+ βei
pi
a
x
(
0
e(γ−1)x
)
. (A19)
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The two edge states ψL (A17) and ψR (A19) are related
each other by the reflection symmetry (A15)
MxψL(x) = ψR(−x). (A20)
Therefore, if the system is defined on a finite chain, e.g.,
−ℓ < x < ℓ, degenerate edge states are allowed at each
edge.
3. Symmetry breaking perturbations
So far we have examined the Dirac fermion with re-
flection symmetry as well as chiral symmetry. Within
two-band system, one may introduce a term such as
H ′ = ησ3 sin k into Eq. (A1) to break chiral symmetry
with keeping reflection symmetry. Even in this model,
the degenerate zero energy edge states ψL,R survive due
to particle-hole symmetry.
γ λ
γ λ
γ’ λ’
d
γ’ λ’
d
FIG. 5: The 2-leg SSH ladder model which has reflection
(inversion) symmetry but broken chiral symmetry.
To demonstrate the model without chiral symmetry
and particle-hole symmetry, let us consider a simple lad-
der generalization of the SSH model illustrated in Fig. 5.
The Hamiltonians of 2- and 3-leg ladder system are given
by
H2leg =
(
HSSH H
′
SSH + d1l
H ′SSH + d1l HSSH
)
,
H3leg =

 HSSH H ′SSH + d1l 0H ′SSH + d1l HSSH H ′SSH + d1l
0 H ′SSH + d1l HSSH

 , (A21)
where HSSH and H
′
SSH are given by Eq. (A1) with intra-
chain parameters γ and λ and with inter-chain parame-
ters γ′ and λ′, respectively. This ladder model has reflec-
tion symmetry implemented by Mx = σ
1 ⊗ 1 but does
not have chiral symmetry and particle-hole symmetry.
Suitable change of the basis, the Hamiltonian (A21)
can be converted into
H2leg = diag
(
HSSH +H
′
SSH + d1l, HSSH −H ′SSH − d1l
)
,
H3leg = diag
(
HSSH +
√
2(H ′SSH + d1l), HSSH,
HSSH −
√
2(H ′SSH + d1l)
)
(A22)
Since HSSH ±H ′SSH is also the SSH model, it thus turns
out that the 2-leg ladder model has edge states when
|γ ± γ′| < |λ ± λ′| at non-zero energies E = ±d. In-
terestingly, although the 3-leg ladder model has broken
chiral symmetry, the edge states at half-filling is con-
trolled by HSSH. Thus, in the continuum limit of Eq.
(A21) or (A22), the ladder Hamiltonian shows several
Dirac fermions not necessarily at zero energy. However,
these Dirac Hamiltonians should be given by Eq. (A2)
locally near the Fermi energy if the system has reflec-
tion symmetry, and the 2× 2 Dirac fermions with chiral
symmetry are responsible for the edge states.
4. A single Dirac fermion
So far we have argued that the doubling of the Dirac
fermion gives the correct quantized Berry phase of the
SSH model (A12) and corresponding edge states (A17),
although the topological property of the edge state of
each Dirac fermion (A14) with a sharp boundary is not
clear. To reveal this, it may be convenient to introduce
smooth boundary connecting different mass parameters
at x = ±∞. In this case, edge states can be regarded as
domain wall states to which topological invariant can be
assigned.
To demonstrate this, we focus our attention to the
topological property of a single Dirac fermion with the
mass parameter φ, i.e.,
H = −iΓ1∂x + Γ2φ(x), (A23)
where we choose Γ1 = σ2, Γ2 = σ1, and Γ5 = −σ3 for
H0, and Γ
1 = −σ2, Γ2 = −σ1, and Γ5 = −σ3 for Hpi in
Eq. (A13) to ensure
tr Γ5Γ
1Γ2 = 2i. (A24)
This is the famous Jackiw-Rebbi model [40]. We here
assume that φ is a smooth function of x, and becomes
constant at x → ±∞, φ(±∞) =const. When φ(−∞) <
0 < φ(∞), for example, we have the normalizable edge
state,
ψ− ∝
(
e−
∫
x φ(x′)dx′
0
)
, (A25)
with chirality Γ5 = −1, and hence n− = 1, n+ = 0 and
indH = −1 in Eq. (15). This state is a smooth extension
of the edge state φ0,−(x) in Eq. (A14) towards x < 0.
Likewise, when φ(∞) < 0 < φ(−∞), we have n− = 0,
n+ = 1 and indH = +1, and in other cases where φ(±∞)
have the same signs, we have no edge states, and hence
ind H = 0.
Because of chiral symmetry, the edge states or domain
wall states are at zero energy. In this case, the index
theorem clarifies the direct equivalence between the ana-
lytical index associated with the zero energy domain wall
states and topological index associated with the Berry
phase. In this subsection, we briefly investigate the in-
dex theorem Eq. (15) for the present Dirac Hamiltonian
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(A23). In one dimension, the right-hand side of Eq. (21)
is modified into
ind H = −1
2
∫
∂x〈j15 〉dx
= −1
2
[〈j15〉(x =∞)− 〈j15〉(x = −∞)] . (A26)
The current 〈j15 〉(x) can be calculated in a similar way to
Eqs. (23), (24), and (25),
〈j15(x)〉 =
∫
dk
2π
tr (Γ3)Γ1
−Γ1(∂x + ik)− iΓ2φ(x)
−(∂x + ik)2 + φ2 − σ3∂xφ
=
∫
dk
2π
2φ(x)
k2 + φ2(x)
= sgn φ(x), (A27)
We finally obtain the topological index
ind H = −1
2
[sgnφ(∞) − sgnφ(−∞)] , (A28)
which is exactly the same as the analytical index men-
tioned above. Note that this result is nothing to do with
specific choices of the Γ-matrices in Eq. (A23): Only
the anti-commutation relation between Γ-matrices and
the normalization in Eq. (A24) are responsible for Eqs.
(A27) and (A28). Since the index of H may be given by
the topological numbers, we assume
ind H = −[q(∞)− q(−∞)]/π. (A29)
Then, we have q(±∞) = pi2 sgnφ(±∞) apart from a con-
stant. Thus, for the fermion with a constant mass m,
H = −iΓ1∂x+Γ2m, it is reasonable to assign the topolog-
ical number q = pi2 sgnm. This is nothing but the Berry
phase with a special choice of gauge. With the defini-
tion of the Γ-matrices in Eq. (A23) for Hα, the masses
are 1 + γ and 1 − γ for α = 0 and α = π, respectively.
This leads to q0 =
pi
2 sgn (1 + γ) and qpi =
pi
2 sgn (1 − γ),
which indeed reproduces Eq. (A12). Uncertain constant
terms vanish if the Dirac fermions and its doublers are
combined.
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